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ev(F) = {(f(P1),--- ,f(Pn))If € F} CFy — evaluation code

» Reed-Solomon codes, Reed-Muller codes, monomial codes,
Cartesian codes, toric codes
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Datta-Johnsen Codes

o felF,[X1,...,Xn] is symmetric if

f(Xl,. . .,Xm) =f (X7r(1)> R 7X7r(m))

for any permutation 7 on the index set {1,..., m}.

» Fori=1,...,m, the i-th elementary symmetric polynomial is

omX)= Y Xy X

1<j<...<ji<m

 P=(a1, -+ ,am) € AG(m, q) is distinguished if a; # a; whenever
I

AGp(m, q) — distinguished points

M. Datta, T. Johnsen, Codes from symmetric polynomials, Des. Codes and Cryptogr. 91,
T47-761 (2023)
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e Y, — F, - linear combinations of o1 --- &

° AGD(m,Q):{Pl,"',Pn}

33

M. Datta, T. Johnsen, Codes from symmetric polynomials, Des. Codes and Cryptogr. 91,
T747-761 (2023)
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ev:X, — Fg f— (f(P1),f(P2),...,f(Pn))

Cr = ev(X,) — Datta-Johnsen Code

Parameters : n= (9)m!, k=m+1,d = (q — m)(q_l)(m —1)!

q
m m—1
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e Y, — F, - linear combinations of o, oM
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ev:X, — Fg f— (f(P1),f(P2),...,f(Pn))

Cr = ev(X,) — Datta-Johnsen Code

Parameters : n= (9)m!, k=m+1,d = (q — m)(q_l)(m —1)!

q
m m—1

fex, — f(Xla"‘ ’xm): f(Xﬂ(l),...,XW(m)) Il
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747-761 (2023)
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P1, P> € AGp(m, q) are equivalent when they have the same coordinates
but in a different order

Q ={Q, -, Qn} ordered set of representatives of equivalence classes of
AGD(m’ q)

M. Datta, T. Johnsen, Codes from symmetric polynomials, Des. Codes and Cryptogr. 91,
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Reduced Datta-Johnsen Codes

P1, P> € AGp(m, q) are equivalent when they have the same coordinates
but in a different order

Q ={Q, -, Qn} ordered set of representatives of equivalence classes of
AGD(m) q)

ev:Zm—>IF2’ f = (f(Q), f(Q),...,f(Qn))

Cl. = ev(X,) — reduced Datta-Johnsen Code

m

Parameters: N = (7), K=m+1, D= (7) - (27})

m m—1

Better rate!

M. Datta, T. Johnsen, Codes from symmetric polynomials, Des. Codes and Cryptogr. 91,
T47-761 (2023)
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m
Im(®p,) consists of all symmetric polynomials in Fg[Xi, - -, Xpn]

> Zm.t: {f S IFq[)<l> e 7Xm:”deg(f) < t}
or = X
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Generalization

P, : Fq[Xl,- oy Xm] — IFq[Xl,- oy Xm]
f o= Ou(f) = f(ol(x),...,0m(x))

m
Im(®p,) consists of all symmetric polynomials in Fg[Xi, - -, Xpn]

> Zm.t: {f S IFq[)<l> e 7Xm:”deg(f) < t}
or = X

> Zm,t(r)g Zm,t

¢, (X) is an Fy - subspace of symmetric polynomials
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Generalization

@ Polynomials — ®,,(X)
@ Points — AGp(m,q) = {P1,--- , P,} distinguished points

ev:On(X) = Fy e (F(PL), F(P2),....f(Py))

ev(®n,(X)) — generalized Datta-Johnsen Code

@ Polynomials — %
@ Points — Q = {Q1,- -, Qu} representatives of equivalence classes of
AGD(ma q)
ev:Tme—F)  f (F(Q), F(Q),....F(Qn))

ev(Xm ) —> reduced generalized Datta-Johnsen Code
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Generalization

@ Polynomials — ®,,(X)
@ Points — AGp(m,q) = {P1,--- , P,} distinguished points

ev:®n,(X) — T, f—= (f(P1),f(P2),...,f(Pn))
ev(®n,(X)) — generalized Datta-Johnsen Code

@ Polynomials — %

@ Points — Q = {Q1,- -, Qu} representatives of equivalence classes of
AGD(ma q)

ev:Zm,t—HFQl fH(f(Ql)af(Q2)7af(QN))

ev(Xm ) —> reduced generalized Datta-Johnsen Code

Datta-Johnsen Codes — t =1
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Gioia Schulte

yi=x1+x

Y2 = X1X2

X1 SO2

Y1?-4Y,=0
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o Codeword: evaluation of f € ¥ on E¢
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Case of linear polynomials (t = 1)

Y = 22’1 = {f € Fq[Xl,XQHdeg(f) < 1} — lines

Y

:Y1%-4Y2=0

(N Ee)??

Y1
Ec

» generalized reduced Datta-Johnsen Code:
Chyisa [%q(q —1),3,3(q—1)(q — 2)]-code

» generalized Datta-Johnsen Code:
Criisalg(g—1),3,(g—1)(g — 2)]-code
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Y =Yoo ={f € Fy[Xq, X2]|deg(f) < 2} — conics

(DN E:)??
e maxpey #(DNEc)=2g—3

@ This occurs when D is the reducible conic whose components are two
tangent lines to C.

» generalized reduced Datta-Johnsen Code:
C,isa [3q(q—1),6,3(q —2)(g — 3)]-code
» generalized Datta-Johnsen Code:
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Case of quadratic polynomials (t = 2)

Y =Yoo ={f € Fy[Xq, X2]|deg(f) < 2} — conics

(DN E:)??
e maxpey #(DNEc)=2g—3

@ This occurs when D is the reducible conic whose components are two
tangent lines to C.

» generalized reduced Datta-Johnsen Code:
C,isa [3q(q—1),6,3(q —2)(g — 3)]-code
» generalized Datta-Johnsen Code:
Copis a [q(q - 1)7 6, (q - 2)((] - 3)]'C0de

Problem: find a linear subsystem ¥ >(r) C ¥ > without reducible conics
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Case of quadratic polynomials (t = 2)

Construction

@ the points of PG(2, q);
PG(2,6%) — o the points covered by lines of PG(2, q);
@ the set A of the remaining points.

P=(a:b:c)eA

Py =(a%: b9 : c9) — vertices of the triangle PPy P,

P, = (3‘72 - p9 qu)

/1 = PPl, (2 = P1P2 and /‘3 = P2P
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22(3) = {Ci[A e Fgs \ {0}}

C/\ : )\El(X,y)z)€2(X7y,z) + )‘q£2(x’y)z)€3(xa Y, Z) + )‘q2€3(X7y72)£1(X7Y7Z) =0

» (, passes through P, P, P;
» C, is defined over [Fy;

» 35(3) linear system of projective dimension 2;

3_
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Case of quadratic polynomials (t = 2)

22(3) = {Ci[A e Fgs \ {0}}

C/\ : )\El(X,y,z)€2(X7y,z) + )‘q£2(x?y,z)€3(xay7z) + )‘q2€3(X7y72)£1(X7Y7Z) =0

» (, passes through P, P, P;
» C, is defined over [Fy;

» 35(3) linear system of projective dimension 2;
3_
> 52(3) = L3 =P +q+1=|PG(2,q);

» 35(3) does not contain reducible conics.
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Case of quadratic polynomials (t = 2)

22(3) = {Ci[A e Fgs \ {0}}

C/\ : )\El(X,y)z)€2(X7y,z) + )‘q£2(x’y)z)€3(xa Y, Z) + )‘q2€3(X7y72)£1(X7Y7Z) =0

» () passes through P, Py, P»;
» C, is defined over [Fy;
» 35(3) linear system of projective dimension 2;
3_
> [503) =L =2+ g+ 1=|PG(2,q);
» 35(3) does not contain reducible conics.
\
C2(3)
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Case of quadratic polynomials (t = 2)
(C, M Ec)?? — it depends on P

Wimax(C2(3)") < 3(g+ 1)+ /G +3

» generalized reduced Datta-Johnsen Code:
C>(3) isa [3q(q—1),3,d]-code, d > 1 (¢> =29 — 2,/ —7)
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Case of quadratic polynomials (t = 2)

(C, M Ec)?? — it depends on P

Wmax(C2(3) ) %(q+1)+f+3
» generalized reduced Datta-Johnsen Code:
C>(3) isa [3q(q—1),3,d]-code, d > 1 (¢> =29 — 2,/ —7)

» generalized Datta-Johnsen Code:
(>(3) is a [q(q — 1), 3, D]-code, D > ¢* —2q — 2,/q — 7.
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|
Case of quadratic polynomials (t = 2)

(C, M Ec)?? — it depends on P

Wmax(C2(3) ) %(q+1)+ \f+3
» generalized reduced Datta-Johnsen Code:
C>(3) isa [3q(q—1),3,d]-code, d > 1 (¢> =29 — 2,/ —7)

» generalized Datta-Johnsen Code:
(>(3) is a [q(q — 1), 3, D]-code, D > ¢* —2q — 2,/q — 7.

q Length Dim Min distance Upper bound
5 10 3 7 7
C2(3) 7 21 3 16 17
9 36 3 30 31
11 55 3 47 49
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Construction

P=(a:b:c)ePG(2,4°)\ PG(2,q)
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Case of quadratic polynomials (t = 2)

Construction

P=(a:b:c)ePG(2,4°)\ PG(2,q)
Py =(a%: b7: 9 — vertices of the triangle PP, P,
P> € PG(2, q) internal to the parabola C

¥2(3) — conics in PG(2, g?) passing through P, Py, P, defined over F,

> 35(3) linear system of projective dimension 2;

» 35(3) does not contain reducible conics.
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|
Case of quadratic polynomials (t = 2)

» generalized reduced Datta-Johnsen Code:

C>(3) isa [3q(q—1),3,d]-code, d > 1 (¢> =29 — 2,/ 7)
» generalized Datta-Johnsen Code:

(>(3) is a [q(q — 1), 3, D]-code, D > ¢*> —2q — 2,/q — 7.
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|
Case of quadratic polynomials (t = 2)

» generalized reduced Datta-Johnsen Code:

C>(3) isa [3q(q—1),3,d]-code, d > 1 (¢> =29 — 2,/ 7)
» generalized Datta-Johnsen Code:

(>(3) is a [q(q — 1), 3, D]-code, D > ¢*> —2q — 2,/q — 7.

q Length Dim Conics Min distance Upper bound

5 10 3 Typel 7
Type 2 5

7 21 3 Typel 17
Type 2 15

9 36 3 Typel 31
Type 2 28

11 55 3 lypel 49
Type 2 45
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|
Case of cubic polynomials (t = 3)
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|
Case of cubic polynomials (t = 3)

The above idea doesn't work!!
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|
Case of cubic polynomials (t = 3)

The above idea doesn't work!!
Y3(4) = {C\s|A € Fgs,0 € Fq, (A, 6) # (0,0)}

Crs = Mal3 + N3 + X7 0303 + 801003 = 0
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Case of cubic polynomials (t = 3)

The above idea doesn't work!!
Y3(4) = {C\s|A € Fgs,0 € Fq, (A, 6) # (0,0)}

Crs = Mal3 + N3 + X7 0303 + 801003 = 0

» (, ; is defined over Fy;
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|
Case of cubic polynomials (t = 3)

The above idea doesn't work!!
Y3(4)={C.s|A € Fgs,0 € Fy, (A, 0) #(0,0)}

Crs = Mal3 + N3 + X7 0303 + 801003 = 0

» (, ; is defined over Fy;

> 3 3(4) linear system of projective dimension 3;
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Case of cubic polynomials (t = 3)

The above idea doesn't work!!
Y3(4)={C.s|A € Fgs,0 € Fy, (A, 0) #(0,0)}

Crs = Mal3 + N3 + X7 0303 + 801003 = 0

» (, ; is defined over Fy;

> 3 3(4) linear system of projective dimension 3;

4__
> [T3(4) = L5 =P+ +q+1=|PG(3,q)
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Case of cubic polynomials (t = 3)

The above idea doesn't work!!
Y3(4)={C.s|A € Fgs,0 € Fy, (A, 0) #(0,0)}

Crs = Mal3 + N3 + X7 0303 + 801003 = 0

» (, ; is defined over Fy;

> 3 3(4) linear system of projective dimension 3;
a_

> [T3(4) = L5 =P+ +q+1=|PG(3,q)

> 3 3(4) does not contain reducible cubics.
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|
Case of cubic polynomials (t = 3)

The above idea doesn't work!!
Y3(4)={C.s|A € Fgs,0 € Fy, (A, 0) #(0,0)}

Crs = Mal3 + N3 + X7 0303 + 801003 = 0

» (, ; is defined over Fy;
> 3 3(4) linear system of projective dimension 3;

4__
> [T3(4) = L5 =P+ +q+1=|PG(3,q)

> 3 3(4) does not contain reducible cubics.

q Length Dim Min distance Upper bound
5 10 4 6 6
7 21 4 14 16
9 36 4 27 30
11 55 4 44 43
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THANK YOU FOR YOUR ATTENTION!
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