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Orthogonal arrays

OAλ=1(N = 32, t = 2, k = 4, v = 3)
0 0 0 0

0 1 2 2

1 2 2 0

2 2 0 2

2 0 2 1

0 2 1 1

2 1 1 0

1 1 0 1

1 0 1 2

Definition

An orthogonal array of size N, k columns, v symbols, strength t
and index λ denoted by OAλ(N; t, k, v), is an N × k array with v
symbols such that in every N × t subarray, every t-tuple of
symbols appears exactly λ times as a row. (∃?; N = λv t)
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Covering arrays

CAλ=1(N = 32; t = 2, k = 4, v = 3)
0 0 0 0

0 1 2 2

1 2 2 0

2 2 0 2

2 0 2 1

0 2 1 1

2 1 1 0

1 1 0 1

1 0 1 2

Definition

A covering array of size N, k columns, v symbols, strength t
and index λ, denoted by CAλ(N; t, k, v), is an N × k array with v
symbols such that in every N × t subarray, every t-tuple of
symbols appears at least λ of times as a row. (minN ≥ λv t)
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OAs of strength 2 having almost strength 3

Munemasa (1998): OAλ=2(N = 8; t = 2, k = 7, v = 2)
almost an OAλ=1(N = 8; t = 3, k = 7, v = 2)

LFSR sequence: 01001110100111· · ·

0123456 uncovered triples of columns:1

0100111 {0, 2, 3}
1001110 {6, 1, 2}
0011101 {5, 0, 1}
0111010 {4, 6, 0}
1110100 {3, 5, 6}
1101001 {2, 4, 5}
1010011 {1, 3, 4}
0000000

128/35 covered; 7/35 uncovered.
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3-CAs out of two almost 3-OAs

Raaphorst, M., Stevens (2014):

CA1(N = 15; t = 3, k = 7, v = 2)

0123456 uncovered triples of columns:
0100111 {0, 2, 3}
1001110 {6, 1, 2}
0011101 {5, 0, 1}
0111010 {4, 6, 0}
1110100 {3, 5, 6}
1101001 {2, 4, 5}
1010011 {1, 3, 4}
0000000
1110010 {3, 4, 6}
1100101 {2, 3, 5}
1001011 {1, 2, 4}
0010111 {0, 1, 3}
0101110 {6, 0, 2}
1011100 {5, 6, 1}
0111001 {4, 5, 0}
0000000
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Two 2-OAs of strength almost 3 = 3-CA

Raaphorst, M., Stevens (2014):

CA(2q3 − 1; 3, q
3−1
q−1 , q), q prime power

0123456 uncovered triples of columns:
0100111 {0, 2, 3}
1001110 {6, 1, 2}
0011101 {5, 0, 1}
0111010 {4, 6, 0}
1110100 {3, 5, 6}
1101001 {2, 4, 5}
1010011 {1, 3, 4}
0000000
1110010 {3, 4, 6}
1100101 {2, 3, 5}
1001011 {1, 2, 4}
0010111 {0, 1, 3}
0101110 {6, 0, 2}
1011100 {5, 6, 1}
0111001 {4, 5, 0}
0000000

2 × 2-OAs (almost 3-OAs) = 3-CA

2 PG(2,q), |line in P1 ∩ line in P2| ≤ 2
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Some 3-OAs of strength almost 4 = 4-CAs?

• Tzanakis, M., Stevens and Panario, Discrete Math (2016)

for q = 4, 2 ovoids in PG(3, 4) do the trick:
2 × 3-OAs (almost 4-OAs) give a 4-CA: ∃ CA(511; 4, 17, 4).

• Present work:
q odd prime power, take 1/2 the points of 3 ovoids in PG(3, q);
3 × 3-OAs (almost 4-OAs) give a 4-CA:

Theorem (Shokri, M., Stevens (2025+))

For any odd prime power q, there exists a CA(3q4 − 2; 4, q
2+1
2 , q).
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LFSR sequences over Fq, m-sequences

m-sequence

Suppose f is irreducible, α ∈ Fqm a root that generates the
multiplicative group Fqm \ {0}. Then α is a primitive
element of Fqm , and f is a primitive polynomial.

When f is primitive the LFSR has maximum period
P = qm − 1, and it is called an M-sequence.

LFSR with f (x) = x3 + 0x2 + 2x + 1 of degree m = 3 over Fq,
q = 3 is defined by:

set arbitrary initial values (not all-zero): a0 = 0, a1 = 1, a2 = 2

use f to define: an = 0× an−1 − 2× an−2 − 1× an−3, n ≥ 3

Because f is primitive, the sequence has maximum period
qt − 1 = q3 − 1 = 26 (it is an M-sequence).

0121120111002021221022200101211201110020212210222001 · · ·
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Properties of m-sequences

each nonzero m-tuple of Fq appears once per pe-
riod as windows of size m starting at positions i = 0, . . . , qm−2
0121120111002021221022200101211201110020212210222001 · · ·

the patterns of zeroes is the same at adjacent windows of size
k = (qm − 1)/(q − 1) = qm−1 + . . .+ q + 1;

0121120111002 0212210222001 01211201110020212210222001 · · ·

0121120111002
0212210222001

2-tuple balance property implies for 1 ≤ τ ≤ d :
the pairs (ai , ai+τ ) = (a, b) occurs in a period:

qm−2 times, if (a, b) ̸= (0, 0)
qm−2 − 1 times, if (a, b) = (0, 0)

ai = Trqm/q(α
i ), i = 0, 1, 2, . . .

where Trqm/q(β) = β + βq + βq2 + . . .+ βqm−1
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Subinterval array Ak(f ), f with degree m

Let f be a degree-m primitive polynomial over Fq with root
α ∈ Fqm . Then {1, α, α2, . . . , αm−1} is a basis for Fqm .
Consider the LFSR seq. with initial values T = (a0, . . . , am−1)
not all zero and characteristic polynomial f .
Consider the following qm × k = (qm − 1)/(q − 1) array:

Ak(f ) =


0 0 . . . 0
a0 a1 . . . ak−1

a1 a2 . . . ak
...

...
...

aqm−2 aqt−1 . . . aqm−2+k−1


Every m consecutive columns have their qm tuples covered.
This is an OAqm−2(qm, 2, k , q), where k = (qm − 1)/(q − 1).
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Subinterval array Ak(f )
0 0000000000000000000000000000000000000000000000000000 · · ·
1 0121120111002021221022200101211201110020212210222001 · · ·
2 1211201110020212210222001012112011100202122102220010 · · ·
3 2112011100202122102220010121120111002021221022200101 · · ·
4 1120111002021221022200101211201110020212210222001012 · · ·
5 1201110020212210222001012112011100202122102220010121 · · ·
6 2011100202122102220010121120111002021221022200101211 · · ·
7 0111002021221022200101211201110020212210222001012112 · · ·
8 1110020212210222001012112011100202122102220010121120 · · ·
9 1100202122102220010121120111002021221022200101211201 · · ·

10 1002021221022200101211201110020212210222001012112011 · · ·
11 0020212210222001012112011100202122102220010121120111 · · ·
12 0202122102220010121120111002021221022200101211201110 · · ·
13 2021221022200101211201110020212210222001012112011100 · · ·
14 0212210222001012112011100202122102220010121120111002 · · ·
15 2122102220010121120111002021221022200101211201110020 · · ·
16 1221022200101211201110020212210222001012112011100202 · · ·
17 2210222001012112011100202122102220010121120111002021 · · ·
18 2102220010121120111002021221022200101211201110020212 · · ·
19 1022200101211201110020212210222001012112011100202122 · · ·
20 0222001012112011100202122102220010121120111002021221 · · ·
21 2220010121120111002021221022200101211201110020212210 · · ·
22 2200101211201110020212210222001012112011100202122102 · · ·
23 2001012112011100202122102220010121120111002021221022 · · ·
24 0010121120111002021221022200101211201110020212210222 · · ·
25 0101211201110020212210222001012112011100202122102220 · · ·
26 1012112011100202122102220010121120111002021221022200 · · ·

27 0121120111002021221022200101211201110020212210222001 · · ·
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Subinterval array Ak(f ), k = (qm − 1)/(q − 1)
0 0000000000000 000000000000000000000000000000000000000 · · ·
1 0121120111002 021221022200101211201110020212210222001 · · ·
2 1211201110020 212210222001012112011100202122102220010 · · ·
3 2112011100202 122102220010121120111002021221022200101 · · ·
4 1120111002021 221022200101211201110020212210222001012 · · ·
5 1201110020212 210222001012112011100202122102220010121 · · ·
6 2011100202122 102220010121120111002021221022200101211 · · ·
7 0111002021221 022200101211201110020212210222001012112 · · ·
8 1110020212210 222001012112011100202122102220010121120 · · ·
9 1100202122102 220010121120111002021221022200101211201 · · ·

10 1002021221022 200101211201110020212210222001012112011 · · ·
11 0020212210222 001012112011100202122102220010121120111 · · ·
12 0202122102220 010121120111002021221022200101211201110 · · ·
13 2021221022200 101211201110020212210222001012112011100 · · ·
14 0212210222001 012112011100202122102220010121120111002 · · ·
15 2122102220010 121120111002021221022200101211201110020 · · ·
16 1221022200101 211201110020212210222001012112011100202 · · ·
17 2210222001012 112011100202122102220010121120111002021 · · ·
18 2102220010121 120111002021221022200101211201110020212 · · ·
19 1022200101211 201110020212210222001012112011100202122 · · ·
20 0222001012112 011100202122102220010121120111002021221 · · ·
21 2220010121120 111002021221022200101211201110020212210 · · ·
22 2200101211201 110020212210222001012112011100202122102 · · ·
23 2001012112011 100202122102220010121120111002021221022 · · ·
24 0010121120111 002021221022200101211201110020212210222 · · ·
25 0101211201110 020212210222001012112011100202122102220 · · ·
26 1012112011100 202122102220010121120111002021221022200 · · ·

27 0121120111002 021221022200101211201110020212210222001 · · ·
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Subinterval array Ak(f ), k = (qm − 1)/(q − 1)

0 0000000000000
1 0121120111002
2 1211201110020
3 2112011100202
4 1120111002021
5 1201110020212
6 2011100202122
7 0111002021221
8 1110020212210
9 1100202122102

10 1002021221022
11 0020212210222
12 0202122102220
13 2021221022200
14 0212210222001 = OA

qm−2 (q
m ; 2, (qm − 1)/(q − 1), q) = OA3(27; 2, 13, 3)

15 2122102220010
16 1221022200101
17 2210222001012
18 2102220010121
19 1022200101211
20 0222001012112
21 2220010121120
22 2200101211201
23 2001012112011
24 0010121120111
25 0101211201110
26 1012112011100
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Subinterval array Ak(f ), k = (qm − 1)/(q − 1)

0 0000000000000
1 0121120111002
2 1211201110020
3 2112011100202
4 1120111002021
5 1201110020212
6 2011100202122
7 0111002021221
8 1110020212210
9 1100202122102

10 1002021221022
11 0020212210222
12 0202122102220
13 2021221022200 {0, 6, a, b} + i (mod 13) = BIBD(13, 4, 1) = PG(2, 3) = PG(m − 1, q)
14 0212210222001
15 2122102220010 miss being an OA of strength m because of m-sets of columns in blue lines
16 1221022200101
17 2210222001012
18 2102220010121
19 1022200101211
20 0222001012112
21 2220010121120
22 2200101211201
23 2001012112011
24 0010121120111
25 0101211201110
26 1012112011100

0123456789abc
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Subinterval array: 2 compact representations

0 0000000000000
1 0121120111002
2 1211201110020
3 2112011100202
4 1120111002021
5 1201110020212
6 2011100202122
7 0111002021221
8 1110020212210
9 1100202122102

10 1002021221022
11 0020212210222
12 0202122102220
13 2021221022200
14 0212210222001
15 2122102220010
16 1221022200101
17 2210222001012
18 2102220010121
19 1022200101211
20 0222001012112
21 2220010121120
22 2200101211201
23 2001012112011
24 0010121120111
25 0101211201110
26 1012112011100

0123456789abc

1 0121120111002
2 1211201110020
3 2112011100202

α0α1α2α3α4α5α6 · · ·α12

10 1002021221022
25 0101211201110
24 0010121120111
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Strength-3 CAs using subinterval arrays

Take f a primitive polynomial of degree 3 over Fq. This gives an
OA(q3; 2, q2 + q + 1, 3) that is almost OA(q3; 3, q2 + q + 1, 3).

0 0000000000000
1 0121120111002
2 1211201110020
3 2112011100202
4 1120111002021
5 1201110020212
6 2011100202122
7 0111002021221
8 1110020212210
9 1100202122102

10 1002021221022
11 0020212210222
12 0202122102220
13 2021221022200
14 0212210222001
15 2122102220010
16 1221022200101
17 2210222001012
18 2102220010121
19 1022200101211
20 0222001012112
21 2220010121120
22 2200101211201
23 2001012112011
24 0010121120111
25 0101211201110
26 1012112011100

0123456789abc

Theorem (S. Raaphorst, L. Moura, B. Stevens (2014))
a triple of columns {x, y, z} is uncovered ⇐⇒
columns {x, y, z} are linearly dependent ⇐⇒
there exists a row (in addition to row 0) with 0 in columns x, y and z ⇐⇒
{x, y, z} are points contained in a block/line of the BIBD(q2 + q + 1, q + 1, 1) =PG(2, q)
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Strength-3 CAs using subinterval arrays

Let k = (q3 − 1)/(q − 1).
Use Ak(f ). Append below Ak(f (1/x)).

0 0000000000000
1 0121120111002
2 1211201110020
3 2112011100202
4 1120111002021
5 1201110020212
6 2011100202122
7 0111002021221
8 1110020212210
9 1100202122102

10 1002021221022
11 0020212210222
12 0202122102220
13 2021221022200
14 0212210222001
15 2122102220010
16 1221022200101
17 2210222001012
18 2102220010121
19 1022200101211
20 0222001012112
21 2220010121120
22 2200101211201
23 2001012112011
24 0010121120111
25 0101211201110
26 1012112011100

0123456789abc

0000000000000
27 2001110211210
28 0200111021121
29 2020011102112
30 1202001110211
31 2120200111021
32 2212020011102
33 1221202001110
34 0122120200111
35 2012212020011
36 2201221202001
37 2220122120200
38 0222012212020
39 0022201221202
40 1002220122120
41 0100222012212
42 1010022201221
43 2101002220122
44 1210100222012
45 1121010022201
46 2112101002220
47 0211210100222
48 1021121010022
49 1102112101002
50 1110211210100
51 0111021121010
52 0011102112101

0123456789abc

CA(2q3 − 1; 3, q2 + q + 1, q)

compact form:

α0 α1 α2 · · ·α10 α11 α12

α0α−1α−2 · · ·α−10α−11α−12

1 0121120111002
2 1211201110020
3 2112011100202

27 2001110211210
28 0200111021121
29 2020011102112
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Strength-3 CAs using subinterval arrays

Theorem (Raaphorst, M., Stevens (2014))

Let q be a prime power.
Then, there exists a CA(2q3 − 1; t = 3, k = q2 + q + 1; v = q).

• Ten years later, Rq still gives the best-known upper bound in
Colbourn’s covering array tables for all prime powers q ̸= 2, 3 .

• Colbourn, Ingals, Jedwab, Saalting, Smith, Stevens, Sets of
mutually orthogoval projective and affine planes, 2024.
define: two planes are orthogoval if each line of a plane intersects
each line of the other plane in at most 2 points.

• Rq is constructed using 2 orthogoval projective planes.
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Generalization from 3-CAs to 4-CAs

For the 3-CA construction Rq:

we use the whole PG(2, q): k = q3−1
q−1 columns; each column is

generated by a vector in F3
q.

2 subinterval arrays constructed using LFSR sequences from
primitive α ∈ Fq3 :
αi and α−i , for 0 ≤ i < q2 + q + 1
Each array is a 2-OA that is almost a 3-OA, the missing
triples are 3 colinear points on a projective plane P(2, q).
The 2 arrays together form a 3-CA (3 colinear points in one
plane are not colinear in the other)

For the 4-CA construction, q odd prime power:

we used use half the points of an ovoid in PG(3, q), which is a

set of q2+1 points no 3 of which colinear: k = q2+1
2 columns.

3 subinterval arrays constructed using LFSR sequences from
primitive α ∈ Fq4 , but only take indices multiple of q + 1:

αi(q+1), α2i(q+1), α4i(q+1), for 0 ≤ i < q2+1
2

Each array is a 3-OA that is almost a 4-OA, the missing
quadruples are 4 coplanar points on an ovoid in P(3, q).
We investigate this structure more carefully to show that
these 3 arrays together form a 4-CA.
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Intro, OAs, CAs CAs of strength 3 from LFSR & geometry new CAs of strength 4 from LFRS & geometry

Ovoid in PG(3, q) (example for q = 7)

• each column corresponds to αi(q+1), where α is primitive in Fq4

0 5 1 4 2 1 0 5 0 6 0 1 6 1 6 6 0 4 6 3 1 0 6 2 3 6 3 6 1 4 1 2 1 0 4 3 1 5 2 1 5 2 3 6 5 0 4 1 6 5
0 5 6 6 4 5 1 6 2 0 6 1 4 0 5 3 5 5 5 5 1 6 0 6 3 4 6 4 6 2 6 3 0 0 3 6 5 4 6 0 0 1 6 6 5 3 3 6 3 4
0 1 1 1 5 5 3 1 0 1 3 6 3 1 2 0 5 0 4 6 5 2 3 3 0 6 5 4 5 3 2 6 0 1 2 6 0 5 4 5 1 1 3 3 3 6 0 6 6 2
1 4 6 5 0 2 0 3 1 2 5 4 4 0 1 2 3 2 4 5 1 0 6 5 1 0 2 3 2 6 6 4 4 4 1 0 1 1 5 0 4 4 4 6 6 5 4 0 4 5

0 0 5 1 5 6 6 2 4 5 2 4 4 0 0 5 5 0 5 0 5 3 3 4 2 1 3 3 1 5 4 2 1 6 1 2 4 1 3 3 4 3 5 1 5 0 3 0 6 4
0 6 5 1 0 2 3 2 6 6 4 4 4 1 0 1 1 5 0 4 4 4 6 6 5 4 0 4 5 3 5 4 1 0 6 0 2 3 6 1 5 5 0 3 6 2 6 5 1 3
0 0 6 2 5 0 6 3 6 0 0 3 0 2 2 1 6 5 4 3 2 6 2 2 5 3 5 1 3 6 0 3 1 1 1 6 2 1 3 6 6 6 3 6 2 1 6 4 0 5
0 1 0 3 3 5 2 4 6 1 3 2 3 3 4 1 4 5 1 2 0 1 5 5 5 2 3 5 1 2 2 2 1 2 3 5 2 6 0 4 0 0 6 2 5 0 6 3 6 0
0 2 1 4 1 3 5 5 6 2 6 1 6 4 6 1 2 5 5 1 5 3 1 1 5 1 1 2 6 5 4 1 1 3 5 4 2 4 4 2 1 1 2 5 1 6 6 2 5 2
0 3 2 5 6 1 1 6 6 3 2 0 2 5 1 1 0 5 2 0 3 5 4 4 5 0 6 6 4 1 6 0 1 4 0 3 2 2 1 0 2 2 5 1 4 5 6 1 4 4
0 4 3 6 4 6 4 0 6 4 5 6 5 6 3 1 5 5 6 6 1 0 0 0 5 6 4 3 2 4 1 6 1 5 2 2 2 0 5 5 3 3 1 4 0 4 6 0 3 6
0 5 4 0 2 4 0 1 6 5 1 5 1 0 5 1 3 5 3 5 6 2 3 3 5 5 2 0 0 0 3 5 1 6 4 1 2 5 2 3 4 4 4 0 3 3 6 6 2 1
0 4 4 0 4 0 4 1 1 6 3 5 1 1 5 4 6 3 5 2 5 3 6 5 1 1 6 1 4 5 4 0 1 0 2 6 0 0 5 1 5 6 6 2 4 5 2 4 4 0

.

.

.

• now use α2: (α2)i(q+1). (25 points out of 400 points)

0 1 2 0 0 0 6 6 0 6 1 6 3 3 1 1 1 4 1 2 5 3 5 4 6
0 6 4 1 2 6 4 5 5 5 1 0 3 6 6 6 0 3 5 6 0 6 5 3 3
0 1 5 3 0 3 3 2 5 4 5 3 0 5 5 2 0 2 0 4 1 3 3 0 6
1 6 0 0 1 5 4 1 3 4 1 6 1 2 2 6 4 1 1 5 4 4 6 4 4

• now use α4: (α4)i(q+1). (25 points out of 400 points)

0 2 0 6 0 1 3 1 1 1 5 5 6 1 0 0 6 6 6 3 1 4 2 3 4
0 4 2 4 5 1 3 6 0 5 0 5 3 6 1 6 5 5 0 6 6 3 6 6 3
0 5 0 3 5 5 0 5 0 0 1 3 6 1 3 3 2 4 3 5 2 2 4 3 0
1 0 1 4 3 1 1 2 4 1 4 6 4 6 0 5 1 4 6 2 6 1 5 4 4
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Intro, OAs, CAs CAs of strength 3 from LFSR & geometry new CAs of strength 4 from LFRS & geometry

Ovoid in PG(3, q) (example for q = 7)

• each column corresponds to αi(q+1), where α is primitive in Fq4

0 5 1 4 2 1 0 5 0 6 0 1 6 1 6 6 0 4 6 3 1 0 6 2 3 6 3 6 1 4 1 2 1 0 4 3 1 5 2 1 5 2 3 6 5 0 4 1 6 5
0 5 6 6 4 5 1 6 2 0 6 1 4 0 5 3 5 5 5 5 1 6 0 6 3 4 6 4 6 2 6 3 0 0 3 6 5 4 6 0 0 1 6 6 5 3 3 6 3 4
0 1 1 1 5 5 3 1 0 1 3 6 3 1 2 0 5 0 4 6 5 2 3 3 0 6 5 4 5 3 2 6 0 1 2 6 0 5 4 5 1 1 3 3 3 6 0 6 6 2
1 4 6 5 0 2 0 3 1 2 5 4 4 0 1 2 3 2 4 5 1 0 6 5 1 0 2 3 2 6 6 4 4 4 1 0 1 1 5 0 4 4 4 6 6 5 4 0 4 5

1 x 1 x 1 x 1 x 1 x 1 x 1 x 1 x 1 x 1 x 1 x 1 x 1 x 1 x 1 x 1 x 1 x 1 x 1 x 1 x 1 x 1 x 1 x 1 x 1 x
1 x x x 1 x x x 1 x x x 1 x x x 1 x x x 1 x x x 1 x x x 1 x x x 1 x x x 1 x x x 1 x x x 1 x x x 1 x
x x 1 x x x 1 x x x 1 x x x 1 x x x 1 x x x 1 x x x 1 x x x 1 x x x 1 x x x 1 x x x 1 x x x 1 x x x

• now use α2: (α2)i(q+1). (25 points out of 400 points)

0 1 2 0 0 0 6 6 0 6 1 6 3 3 1 1 1 4 1 2 5 3 5 4 6
0 6 4 1 2 6 4 5 5 5 1 0 3 6 6 6 0 3 5 6 0 6 5 3 3
0 1 5 3 0 3 3 2 5 4 5 3 0 5 5 2 0 2 0 4 1 3 3 0 6
1 6 0 0 1 5 4 1 3 4 1 6 1 2 2 6 4 1 1 5 4 4 6 4 4

• now use α4: (α4)i(q+1). (25 points out of 400 points)

0 2 0 6 0 1 3 1 1 1 5 5 6 1 0 0 6 6 6 3 1 4 2 3 4
0 4 2 4 5 1 3 6 0 5 0 5 3 6 1 6 5 5 0 6 6 3 6 6 3
0 5 0 3 5 5 0 5 0 0 1 3 6 1 3 3 2 4 3 5 2 2 4 3 0
1 0 1 4 3 1 1 2 4 1 4 6 4 6 0 5 1 4 6 2 6 1 5 4 4
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Ovoid in PG(3, q) (example for q = 7)
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0 1 2 0 0 0 6 6 0 6 1 6 3 3 1 1 1 4 1 2 5 3 5 4 6
0 6 4 1 2 6 4 5 5 5 1 0 3 6 6 6 0 3 5 6 0 6 5 3 3
0 1 5 3 0 3 3 2 5 4 5 3 0 5 5 2 0 2 0 4 1 3 3 0 6
1 6 0 0 1 5 4 1 3 4 1 6 1 2 2 6 4 1 1 5 4 4 6 4 4

• now use α4: (α4)i(q+1). (25 points out of 400 points)

0 2 0 6 0 1 3 1 1 1 5 5 6 1 0 0 6 6 6 3 1 4 2 3 4
0 4 2 4 5 1 3 6 0 5 0 5 3 6 1 6 5 5 0 6 6 3 6 6 3
0 5 0 3 5 5 0 5 0 0 1 3 6 1 3 3 2 4 3 5 2 2 4 3 0
1 0 1 4 3 1 1 2 4 1 4 6 4 6 0 5 1 4 6 2 6 1 5 4 4
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Intro, OAs, CAs CAs of strength 3 from LFSR & geometry new CAs of strength 4 from LFRS & geometry

Ovoid in PG(3, q) (example for q = 7)

0 5 1 4 2 1 0 5 0 6 0 1 6 1 6 6 0 4 6 3 1 0 6 2 3 6 3 6 1 4 1 2 1 0 4 3 1 5 2 1 5 2 3 6 5 0 4 1 6 5
0 5 6 6 4 5 1 6 2 0 6 1 4 0 5 3 5 5 5 5 1 6 0 6 3 4 6 4 6 2 6 3 0 0 3 6 5 4 6 0 0 1 6 6 5 3 3 6 3 4
0 1 1 1 5 5 3 1 0 1 3 6 3 1 2 0 5 0 4 6 5 2 3 3 0 6 5 4 5 3 2 6 0 1 2 6 0 5 4 5 1 1 3 3 3 6 0 6 6 2
1 4 6 5 0 2 0 3 1 2 5 4 4 0 1 2 3 2 4 5 1 0 6 5 1 0 2 3 2 6 6 4 4 4 1 0 1 1 5 0 4 4 4 6 6 5 4 0 4 5

0 0 5 1 5 6 6 2 4 5 2 4 4 0 0 5 5 0 5 0 5 3 3 4 2 1 3 3 1 5 4 2 1 6 1 2 4 1 3 3 4 3 5 1 5 0 3 0 6 4
0 6 5 1 0 2 3 2 6 6 4 4 4 1 0 1 1 5 0 4 4 4 6 6 5 4 0 4 5 3 5 4 1 0 6 0 2 3 6 1 5 5 0 3 6 2 6 5 1 3
0 0 6 2 5 0 6 3 6 0 0 3 0 2 2 1 6 5 4 3 2 6 2 2 5 3 5 1 3 6 0 3 1 1 1 6 2 1 3 6 6 6 3 6 2 1 6 4 0 5
0 1 0 3 3 5 2 4 6 1 3 2 3 3 4 1 4 5 1 2 0 1 5 5 5 2 3 5 1 2 2 2 1 2 3 5 2 6 0 4 0 0 6 2 5 0 6 3 6 0
0 2 1 4 1 3 5 5 6 2 6 1 6 4 6 1 2 5 5 1 5 3 1 1 5 1 1 2 6 5 4 1 1 3 5 4 2 4 4 2 1 1 2 5 1 6 6 2 5 2
0 3 2 5 6 1 1 6 6 3 2 0 2 5 1 1 0 5 2 0 3 5 4 4 5 0 6 6 4 1 6 0 1 4 0 3 2 2 1 0 2 2 5 1 4 5 6 1 4 4
0 4 3 6 4 6 4 0 6 4 5 6 5 6 3 1 5 5 6 6 1 0 0 0 5 6 4 3 2 4 1 6 1 5 2 2 2 0 5 5 3 3 1 4 0 4 6 0 3 6
0 5 4 0 2 4 0 1 6 5 1 5 1 0 5 1 3 5 3 5 6 2 3 3 5 5 2 0 0 0 3 5 1 6 4 1 2 5 2 3 4 4 4 0 3 3 6 6 2 1
0 4 4 0 4 0 4 1 1 6 3 5 1 1 5 4 6 3 5 2 5 3 6 5 1 1 6 1 4 5 4 0 1 0 2 6 0 0 5 1 5 6 6 2 4 5 2 4 4 0

.

.

.

• Ovoid in PG(3, q) - largest set of points no tree of which are
colinear, |O| = q2 + 1.
• Its plane sections (circles) are a 3− (q2 + 1, q + 1, 1) design,
called a Möbius plane of order q.
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Intro, OAs, CAs CAs of strength 3 from LFSR & geometry new CAs of strength 4 from LFRS & geometry

Ovoid and one circle of a Möbius plane
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Intro, OAs, CAs CAs of strength 3 from LFSR & geometry new CAs of strength 4 from LFRS & geometry

Build 4-CA - from 3 truncated Möbius planes

α

0 5 1 4 2 1 0 5 0 6 0 1 6 1 6 6 0 4 6 3 1 0 6 2 3 6 3 6 1 4 1 2 1 0 4 3 1 5 2 1 5 2 3 6 5 0 4 1 6 5
0 5 6 6 4 5 1 6 2 0 6 1 4 0 5 3 5 5 5 5 1 6 0 6 3 4 6 4 6 2 6 3 0 0 3 6 5 4 6 0 0 1 6 6 5 3 3 6 3 4
0 1 1 1 5 5 3 1 0 1 3 6 3 1 2 0 5 0 4 6 5 2 3 3 0 6 5 4 5 3 2 6 0 1 2 6 0 5 4 5 1 1 3 3 3 6 0 6 6 2
1 4 6 5 0 2 0 3 1 2 5 4 4 0 1 2 3 2 4 5 1 0 6 5 1 0 2 3 2 6 6 4 4 4 1 0 1 1 5 0 4 4 4 6 6 5 4 0 4 5

α2 (truncated Möbius plane)

0 1 2 0 0 0 6 6 0 6 1 6 3 3 1 1 1 4 1 2 5 3 5 4 6
0 6 4 1 2 6 4 5 5 5 1 0 3 6 6 6 0 3 5 6 0 6 5 3 3
0 1 5 3 0 3 3 2 5 4 5 3 0 5 5 2 0 2 0 4 1 3 3 0 6
1 6 0 0 1 5 4 1 3 4 1 6 1 2 2 6 4 1 1 5 4 4 6 4 4

α4 (truncated Möbius plane)

0 2 0 6 0 1 3 1 1 1 5 5 6 1 0 0 6 6 6 3 1 4 2 3 4
0 4 2 4 5 1 3 6 0 5 0 5 3 6 1 6 5 5 0 6 6 3 6 6 3
0 5 0 3 5 5 0 5 0 0 1 3 6 1 3 3 2 4 3 5 2 2 4 3 0
1 0 1 4 3 1 1 2 4 1 4 6 4 6 0 5 1 4 6 2 6 1 5 4 4

The intersection of
one circle from each

truncated Möbius plane
has at most 3 points.

P

Φc

Qc

Oc
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Intro, OAs, CAs CAs of strength 3 from LFSR & geometry new CAs of strength 4 from LFRS & geometry

Our main theorem

Theorem (Shokri, M., Stevens (2025+))

For any odd prime power q, there exists a CA(3q4 − 2; 4, q
2+1
2 , q).

This improves best bounds in CA tables by 25% for all odd prime
powers q ≥ 11.
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Intro, OAs, CAs CAs of strength 3 from LFSR & geometry new CAs of strength 4 from LFRS & geometry

Conclusions and Future work

m OA from LFSR. CA construction

2 OA1(q
2, 2, q + 1, q) OA: CA(q2; 2, q + 1, q) Bush (1952)

3 OAq(q
3, 2, q

3−1
q−1 , q) CA(2q3 − 1; 3, q

3−1
q−1 , q) Raaphorst et al.

almost strength 3 (2014)

CA(2q4 − 1; 4, q2 + 1, 4) Tzanakis et al.
4 OAq(q

4; 3, q2 + 1, q) (2016)

almost strength 4 CA(3q4 − 1; 4, q
2+1
2 , q), Shokri et al.

q odd prime power (2025+)

Future work:

what about strength 4 and q even?

what about q odd and k = q2 + 1?
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