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INTRO, OAs, CAs CAs OF STRENGTH 3 FROM LFSR & GEOMETRY NEW CAS OF STRENGTH 4 FROM LFRS & GEOMETRY
0@00000 000000000000 00000000

ORTHOGONAL ARRAYS

OAy—1(N =32t =2,k =4,v =3)

HIFEINOIN DN RPROO
ORI FINOINDNEFEO
ORI FEINON DN O
NIH=ORRFRINOINO

DEFINITION

An orthogonal array of size N, k columns, v symbols, strength t
and index A denoted by OA\(N; t, k,v), is an N X k array with v
symbols such that in every N X t subarray, every t-tuple of
symbols appears exactly A times as a row. (37 N = Avh)

NEW COVERING ARRAYS OF STRENGTH 4 LuciA MoURA



INTRO, OAs, CAs CAs OF STRENGTH 3 FROM LFSR & GEOMETRY NEW CAS OF STRENGTH 4 FROM LFRS & GEOMETRY
00®0000 000000000000 00000000

COVERING ARRAYS

CA-1(N=3%t=2k=4v=23)

HIFEINOIN DN RPROO
ORI FINOINDNEFEO
ORI FEINON DN O
NIH=ORRFRINOINO

DEFINITION

A covering array of size N, k columns, v symbols, strength t

and index A, denoted by CA\(N; t, k,v), is an N X k array with v
symbols such that in every N X t subarray, every t-tuple of
symbols appears at least )\ of times as a row. (min N > Avt)
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INTRO, OAS, CAs CAs OF STRENGTH 3 FROM LFSR & GEOMETRY NEW CAS OF STRENGTH 4 FROM LFRS & GEOMETRY
0008000 000000000000 00000000

OAS OF STRENGTH 2 HAVING ALMOST STRENGTH 3

Munemasa (1998): OAy—2(N =8;t=2,k=7,v =2)
almost an OA_1(N =8;t=3,k=7,v=2)
LFSR sequence: 01001110100111---
0123456 | uncovered triples of columns:!
0100111 | {0,2,3}
1001110 | {6,1,2}
0011101 | {5,0,1} N
[ 0111010 | {4,6,0} P
1110100 | {3,5,6} e
1101001 | {2,4,5}
1010011 | {1,3,4}
| 0000000 |

128/35 covered; 7/35 uncovered.
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Raaphorst, M., Stevens (2014):

0123456

0100111
1001110
0011101
| 0117010
1110100
1101001
1010011
[ 0000000 ]
1110010
1100101
1001011
0010111
0101110
1011100
0111001

CAI(N=15;t=3,k=7,v=2)
uncovered triples of columns:

{5,0,1}
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Raaphorst, M., Stevens (2014): : .

0123456

0100111
1001110
0011101
| 0117010
1110100
1101001
1010011
[ 0000000 ]
1110010
1100101
1001011
0010111
0101110
1011100
0111001

CA(2¢% - 1; 3, T =L 4), q prime power

uncovered triples of columns:

{5,0,1}

N W A
whs oo
oo o

2 x 2-OAs (almost 3-OAs) = 3-CA
2 PG(2,q), |line in P1 Nline in P2| <2

B OO O =N W
OO FNWM
O NWROOG O

A A A P e e o oy
[ a et Tt e e
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INTRO, OAs, CAs CAs OF STRENGTH 3 FROM LFSR & GEOMETRY NEW CAS OF STRENGTH 4 FROM LFRS & GEOMETRY
0000000 000000000000 00000000

SOME 3-OAS OF STRENGTH ALMOST 4 = 4-CAS?

e Tzanakis, M., Stevens and Panario, Discrete Math (2016)
& ad 8

for g = 4, 2 ovoids in PG(3,4) do the trick:

2 x 3-OAs (almost 4-OAs) give a 4-CA: 3 CA(511;4,17,4).

NEW COVERING ARRAYS OF STRENGTH 4 LuciA MOURA



INTRO, OAS, CAs CAs OF STRENGTH 3 FROM LFSR & GEOMETRY NEW CAS OF STRENGTH 4 FROM LFRS & GEOMETRY
0000000 000000000000 00000000

SOME 3-OAS OF STRENGTH ALMOST 4 = 4-CAS?

e Tzanakis, M., Stevens and Panario, Discrete Math (2016)

©o 8

for g = 4, 2 ovoids in PG(3,4) do the trick:
2 x 3-OAs (almost 4-OAs) give a 4-CA: 3 CA(511;4,17,4).

e Present work:

q odd prime power, take 1/2 the points of 3 ovoids in PG(3, q);
3 x 3-OAs (almost 4-OAs) give a 4-CA:

NEW COVERING ARRAYS OF STRENGTH 4 LuciA MoOURA



INTRO, OAs, CAs CAs OF STRENGTH 3 FROM LFSR & GEOMETRY NEW CAS OF STRENGTH 4 FROM LFRS & GEOMETRY
0000000 000000000000 00000000

SOME 3-OAS OF STRENGTH ALMOST 4 = 4-CAS?

e Tzanakis, M., Stevens and Panario, Discrete Math (2016)

& d 8
for g = 4, 2 ovoids in PG(3,4) do the trick:
2 x 3-OAs (almost 4-OAs) give a 4-CA: 3 CA(511;4,17,4).

e Present work:
q odd prime power, take 1/2 the points of 3 ovoids in PG(3, q);
3 x 3-OAs (almost 4-OAs) give a 4-CA:

a3
THEOREM (SHOKRI, M., STEVENS (2025+))

For any odd prime power q, there exists a CA(3g* — 2; 4, #, q).

o = = =
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INTRO, OAS, CAs CAs OF STRENGTH 3 FROM LFSR & GEOMETRY NEW CAS OF STRENGTH 4 FROM LFRS & GEOMETRY
0000000 0®0000000000 00000000

LFSR SEQUENCES OVER [F,, M-SEQUENCES

M-SEQUENCE
@ Suppose f is irreducible, o € Fgm a root that generates the
multiplicative group Fgm \ {0}. Then «a is a primitive
element of F,m, and f is a primitive polynomial.

@ When f is primitive the LFSR has maximum period
P =q™—1, and it is called an M-sequence.

LFSR with f(x) = x3 + 0x? + 2x + 1 of degree m = 3 over F,,
g = 3 is defined by:
@ set arbitrary initial values (not all-zero): agp =0,a; = 1,20 =2
o use f to define: a,=0xa,.1—2x%xa, »o—1xa,3 n>3
Because f is primitive, the sequence has maximum period
gt —1=q>—1=26 (it is an M-sequence).

0121120111002021221022200101211201110020212210222001 - - -

NEW COVERING ARRAYS OF STRENGTH 4 LuciaA MouRrA



INTRO, OAS, CAs CAs OF STRENGTH 3 FROM LFSR & GEOMETRY NEW CAS OF STRENGTH 4 FROM LFRS & GEOMETRY
0000000 00®000000000 00000000

PROPERTIES OF M-SEQUENCES

@ each nonzero m-tuple of IF, appears once per pe-
riod as windows of size m starting at positions i =0,...,q™—2
0121120111002021221022200101211201110020212210222001 - - -
o the patterns of zeroes is the same at adjacent windows of size
k=("=1)/(g=1)=q¢" " +...+q+1

0121120111002 0212210222001 01211201110020212210222001 - - -

0121120111002
0212210222001
@ 2-tuple balance property implies for 1 < 7 < d:
the pairs (a;, a;+-) = (a, b) occurs in a period:

e g™ 2 times, if (a, b) # (0,0)

e g™ 2 — 1 times, if (a, b) = (0,0)

0 aj = Trgm/g(a'), i=0,1,2,...

where Trgm/q(8) = B+ B9+ BT + ...+ 39

NEW COVERING ARRAYS OF STRENGTH 4 LuciA MoOURA
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INTRO, OAS, CAs CAs OF STRENGTH 3 FROM LFSR & GEOMETRY NEW CAS OF STRENGTH 4 FROM LFRS & GEOMETRY
0000000 000@00000000 00000000

SUBINTERVAL ARRAY AX(f), f WITH DEGREE m

Let f be a degree-m primitive polynomial over F; with root
o € Fgm. Then {1,a,0?,...,a™ 1} is a basis for Fgm.
Consider the LFSR seq. with initial values T = (ag,...,am-1)
not all zero and characteristic polynomial f.

Consider the following ¢™ x k = (g™ — 1)/(g — 1) array:

0 0 0
=l) dl . dk—1
Ak(f) — ai an e ak
| dgm—2 dgt—1 ... dgm—24k—1 |

Every m consecutive columns have their g tuples covered.
This is an OA;m-2(q™,2, k, q), where k = (¢™ —1)/(q — 1).
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INTRO, OAs, CAs CAs OF STRENGTH 3 FROM LFSR & GEOMETRY NEW CAS OF STRENGTH 4 FROM LFRS & GEOMETRY

0000000

0000®0000000 00000000

SUBINTERVAL ARRAY AX(f)

©O~NOGAWNRO

0000000000000000000000000000000000000000000000000000 - -

0121120111002021221022200101211201110020212210222001 - -
1211201110020212210222001012112011100202122102220010 - -
2112011100202122102220010121120111002021221022200101 - -
1120111002021221022200101211201110020212210222001012 - -
1201110020212210222001012112011100202122102220010121 - -
2011100202122102220010121120111002021221022200101211 - -
0111002021221022200101211201110020212210222001012112 - -
1110020212210222001012112011100202122102220010121120 - -
1100202122102220010121120111002021221022200101211201 - -
1002021221022200101211201110020212210222001012112011 - -
0020212210222001012112011100202122102220010121120111 - -
0202122102220010121120111002021221022200101211201110 - -
2021221022200101211201110020212210222001012112011100 - -

0212210222001012112011100202122102220010121120111002 - -
2122102220010121120111002021221022200101211201110020 - -
1221022200101211201110020212210222001012112011100202 - -
2210222001012112011100202122102220010121120111002021 - -
2102220010121120111002021221022200101211201110020212 - -
1022200101211201110020212210222001012112011100202122 - -
0222001012112011100202122102220010121120111002021221 - -
2220010121120111002021221022200101211201110020212210 - -
2200101211201110020212210222001012112011100202122102 - -
2001012112011100202122102220010121120111002021221022 - -
0010121120111002021221022200101211201110020212210222 - -
0101211201110020212210222001012112011100202122102220 - -
1012112011100202122102220010121120111002021221022200 - -

0121120111002021221022200101211201110020212210222001 - -

NEW COVERING ARRAYS OF STRENGTH 4
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INTRO, OAs, CAs  CAs OF STRENGTH 3 FROM LFSR & GEOMETRY
0000000 00000@000000

NEW CAS OF STRENGTH 4 FROM LFRS & GEOMETRY
00000000

SUBINTERVAL ARRAY AX(f), k= (q™—1)/(g —1)

0000000000000

000000000000000000000000000000000000000 - -

0121120111002
1211201110020
2112011100202
1120111002021
1201110020212
2011100202122
0111002021221
1110020212210
1100202122102
10 1002021221022
11 0020212210222
12 0202122102220
13 2021221022200

©O~NOGAWNRO

021221022200101211201110020212210222001 - -
212210222001012112011100202122102220010 - -
122102220010121120111002021221022200101 - - -
221022200101211201110020212210222001012 - -
210222001012112011100202122102220010121 - -
102220010121120111002021221022200101211 - -
022200101211201110020212210222001012112 - -
222001012112011100202122102220010121120 - - -
220010121120111002021221022200101211201 - - -
200101211201110020212210222001012112011 - - -
001012112011100202122102220010121120111 - - -
010121120111002021221022200101211201110 - - -
101211201110020212210222001012112011100 - - -

14 0212210222001
15 2122102220010
16 1221022200101
17 2210222001012
18 2102220010121
19 1022200101211
20 0222001012112
21 2220010121120
22 2200101211201
23 2001012112011
24 0010121120111
25 0101211201110
26 1012112011100

012112011100202122102220010121120111002 - - -
121120111002021221022200101211201110020 - - -
211201110020212210222001012112011100202 - - -
112011100202122102220010121120111002021 - -
120111002021221022200101211201110020212 - -
201110020212210222001012112011100202122 - -
011100202122102220010121120111002021221 - -
111002021221022200101211201110020212210 - - -
110020212210222001012112011100202122102 - -
100202122102220010121120111002021221022 - -
002021221022200101211201110020212210222 - -
020212210222001012112011100202122102220 - - -
202122102220010121120111002021221022200 - - -

27 0121120111002

021221022200101211201110020212210222001 - - -

NEW COVERING ARRAYS OF STRENGTH 4

LuciaA MOURA



CONOOEWNFO

0000000000000

0121120111002
1211201110020
2112011100202
1120111002021
1201110020212
2011100202122
0111002021221
1110020212210
1100202122102
1002021221022
0020212210222
0202122102220
2021221022200

0212210222001
2122102220010
1221022200101
2210222001012
2102220010121
1022200101211
0222001012112
2220010121120
2200101211201
2001012112011
0010121120111
0101211201110
1012112011100

=0Am—2(q":2,(q" —1)/(a — 1), q) = 0A3(27:2,13,3)
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CONOOTAE WNKFO

0000000000000

0121120111002
1211201110020
2112011100202
1120111002021
1201110020212
2011100202122
0111002021221
1110020212210
1100202122102
1002021221022
0020212210222
0202122102220
2021221022200

0212210222001
2122102220010
1221022200101
2210222001012
2102220010121
1022200101211
0222001012112
2220010121120
2200101211201
2001012112011
0010121120111
0101211201110
1012112011100

0123456789abc

{0,6, a, b} + i (mod 13) = BIBD(13, 4, 1) = PG(2, 3) = PG(m — 1, q)

miss being an OA of strength m because of m-sets of columns in blue lines
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0
1
2
3
4
5
6
7
8
9

0000000000000

0121120111002
1211201110020
2112011100202
1120111002021
1201110020212
2011100202122
0111002021221
1110020212210
1100202122102
1002021221022
0020212210222
0202122102220
2021221022200

0212210222001
2122102220010
1221022200101
2210222001012
2102220010121
1022200101211
0222001012112
2220010121120
2200101211201
2001012112011
0010121120111
0101211201110
1012112011100

0123456789abc

1| 0121120111002
1211201110020
3| 2112011100202

N

afalaladatabab ... ol2

10 | 1002021221022
25 | 0101211201110
24 | 0010121120111
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Take f a primitive polynomial of degree 3 over [F,. This gives an
OA( 3:2,9% + g + 1,3) that is almost OA(q¢%;3,4% + g+ 1,3).

CONOOTEWNFO

UUUUUUUUUUUUU

0121120111002
1211201110020
2112011100202
1120111002021
1201110020212
2011100202122
0111002021221
1110020212210
1100202122102
1002021221022
0020212210222
0202122102220
2021221022200

0212210222001
2122102220010
1221022200101
2210222001012
2102220010121
1022200101211
0222001012112
2220010121120
2200101211201
2001012112011
0010121120111
0101211201110
1012112011100

DA



INTRO, OAs, CAs  CAs OF STRENGTH 3 FROM LFSR & GEOMETRY

0000000 000000000080

NEW CAS OF STRENGTH 4 FROM LFRS & GEOMETRY
00000000

STRENGTH-3 CAS USING SUBINTERVAL ARRAYS

Let k= (¢* —1)/(q - 1).

Use AK(f).

0000000000000
0121120111002
1211201110020
2112011100202
1120111002021
1201110020212
2011100202122
0111002021221
1110020212210
1100202122102
10 1002021221022
11 0020212210222
12 0202122102220
13 2021221022200
14 0212210222001
15 2122102220010
16 1221022200101
17 2210222001012
18 2102220010121
19 1022200101211
20 0222001012112
21 2220010121120
22 2200101211201
23 2001012112011
24 0010121120111
25 0101211201110
26 1012112011100

NEW COVERING ARRAYS OF STRENGTH 4
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27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52

0000000000000

2001110211210
0200111021121
2020011102112
1202001110211
2120200111021
2212020011102
1221202001110
0122120200111
2012212020011
2201221202001
2220122120200
0222012212020
0022201221202

1002220122120
0100222012212
1010022201221
2101002220122
1210100222012
1121010022201
2112101002220
0211210100222
1021121010022
1102112101002
1110211210100
0111021121010
0011102112101

l

Append below A*(f(1/x)).

CAQ2¢® — 1;3,¢° + g+ 1,q)

compact form:

0 _1 2 10 11

N

«
[e3

o BRI @
0n—Ta e

1 0121120111002
2 1211201110020
3 2112011100202

27 2001110211210
28 0200111021121

29 2020011102112

T —2 =10, 1T =12 ‘

LuciaA MOURA



Let g be a prime power.

Then, there exists a CA(2¢> — 1;t =3,k =q¢* + q+ 1;v = q).
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INTRO, OAs, CAs CAs OF STRENGTH 3 FROM LFSR & GEOMETRY NEW CAS OF STRENGTH 4 FROM LFRS & GEOMETRY
0000000 000000000008 00000000

STRENGTH-3 CAS USING SUBINTERVAL ARRAYS

THEOREM (RAAPHORST, M., STEVENS (2014))

Let g be a prime power.
Then, there exists a CA(2q®> —1;t =3, k=q¢*+q+1;v = q).

e Ten years later, Ry still gives the best-known upper bound in
Colbourn’s covering array tables for all prime powers q # 2,3 .

NEW COVERING ARRAYS OF STRENGTH 4 LuciA MOURA



INTRO, OAS, CAs CAs OF STRENGTH 3 FROM LFSR & GEOMETRY NEW CAS OF STRENGTH 4 FROM LFRS & GEOMETRY
0000000 000000000008 00000000

STRENGTH-3 CAS USING SUBINTERVAL ARRAYS

THEOREM (RAAPHORST, M., STEVENS (2014))

Let g be a prime power.
Then, there exists a CA(2q®> —1;t =3, k=q¢*+q+1;v = q).

e Ten years later, Ry still gives the best-known upper bound in
Colbourn’s covering array tables for all prime powers q # 2,3 .

e Colbourn, Ingals, Jedwab, Saalting, Smith, Stevens, Sets of
mutually orthogoval projective and affine planes, 2024.
define: two planes are orthogoval if each line of a plane intersects
each line of the other plane in at most 2 points.

NEW COVERING ARRAYS OF STRENGTH 4 LuciaA MouRA



INTRO, OAS, CAs CAs OF STRENGTH 3 FROM LFSR & GEOMETRY NEW CAS OF STRENGTH 4 FROM LFRS & GEOMETRY
0000000 000000000008 00000000

STRENGTH-3 CAS USING SUBINTERVAL ARRAYS

THEOREM (RAAPHORST, M., STEVENS (2014))

Let g be a prime power.
Then, there exists a CA(2q®> —1;t =3, k=q¢*+q+1;v = q).

e Ten years later, Ry still gives the best-known upper bound in
Colbourn’s covering array tables for all prime powers q # 2,3 .

e Colbourn, Ingals, Jedwab, Saalting, Smith, Stevens, Sets of
mutually orthogoval projective and affine planes, 2024.
define: two planes are orthogoval if each line of a plane intersects
each line of the other plane in at most 2 points.

e R, is constructed using 2 orthogoval projective planes.

NEW COVERING ARRAYS OF STRENGTH 4 LuciaA MouRA



© InTrRO, OAs, CAs

© CAs or STRENGTH 3 FROM LFSR & GEOMETRY

© NEw CAs OF STRENGTH 4 FROM LFRS & GEOMETRY
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INTRO, OAS, CAs CAs OF STRENGTH 3 FROM LFSR & GEOMETRY NEW CAS OF STRENGTH 4 FROM LFRS & GEOMETRY
0000000 000000000000 0@000000

GENERALIZATION FROM 3-CASs 10O 4-CAS

For the 3-CA construction Ry:

e we use the whole PG(2, q): k = % columns; each column is
generated by a vector in F3.

@ 2 subinterval arrays constructed using LFSR sequences from
primitive o € Fs:
o and o for0<i<qg?+q+1

o Each array is a 2-OA that is almost a 3-OA, the missing
triples are 3 colinear points on a projective plane P(2, q).

e The 2 arrays together form a 3-CA (3 colinear points in one
plane are not colinear in the other)

NEW COVERING ARRAYS OF STRENGTH 4 LuciA MoOURA



construction

q-

3— . .
@ we use the whole PG(2, q): k = qq_ll columns; each column is generated by a vector in FZ'
2 subinterval arrays constructed using LFSR sequences from primitive o € ]Fq3:

aianda_i,for0$i<q2+q+1

Each array is a 2-OA that is almost a 3-OA, the missing triples are 3 colinear points on a projective plane
P(2, q).

The 2 arrays together form a 3-CA (3 colinear points in one plane are not colinear in the other)

DA

a
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v
a
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INTRO, OAS, CAs CAs OF STRENGTH 3 FROM LFSR & GEOMETRY NEW CAS OF STRENGTH 4 FROM LFRS & GEOMETRY
0000000 000000000000 0@000000

GENERALIZATION FROM 3-CASs 10O 4-CAS

For the 3-CA construction Rg:

@ we use the whole PG(2, q): k = qq

11 columns; each column is generated by a vector in [Fg.
@ 2 subinterval arrays constructed using LFSR sequences from primitive o € ]Fq3:
o' and aii,for0§i< q2+q+1
@ Each array is a 2-OA that is almost a 3-OA, the missing triples are 3 colinear points on a projective plane

P(2, q).

@ The 2 arrays together form a 3-CA (3 colinear points in one plane are not colinear in the other)

For the 4-CA construction, g odd prime power:

e we used use half the points of an ovoid in PG(3, q) which is a
set of g2 + 1 points no 3 of which colinear: k = 9= +1 columns.

@ 3 subinterval arrays constructed using LFSR sequences from
primitive a € [Fa, but only take indices multiple of g + 1:
allatl)  q2i(a+1) (4ilatl) for 0 < j < #

o Each array is a 3-OA that is almost a 4-OA, the missing
quadruples are 4 coplanar points on an ovoid in P(3, q).

o We investigate this structure more carefully to show that
these 3 arrays together form a 4-CA.

NEW COVERING ARRAYS OF STRENGTH 4 LuciaA MoURA



INTRO, OAS, CAs CAs OF STRENGTH 3 FROM LFSR & GEOMETRY NEW CAS OF STRENGTH 4 FROM LFRS & GEOMETRY

0000000

000000000000 00e00000

Ovoip IN PG(3,q) (EXAMPLE FOR q =7)

e each column corresponds to /(911 where « is primitive in Fga

05142105060161660463106236361412104315215236504165
05664516206140535555160634646263003654600166533634
01115531013631205046523306545326012605451133360662
14650203125440123245106510232664441011504446654045

00515662452440055050533421331542161241334351503064
06510232664441011504446654045354106023615503626513
00625063600302216543262253513603111621366636216405
01033524613233414512015552351222123526040062506360
02141355626164612551531151126541135424421125166252
03256116632025110520354450664160140322102251456144
04364640645656315566100056432416152220553314046036
05402401651510513535623355200035164125234440336621
04404041163511546352536511614540102600515662452440
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e each column corresponds to a/(971), where a is primitive in F

«O>r <« Fr o« DA™




e each column corresponds to a/(971), where a is primitive in F

«O>» «Fr «Zr «E>» = o>

e now use a?: (a?) (91 (25 points out of 400 points)
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Ovoip IN PG(3,q) (EXAMPLE FOR q =7)

e each column corresponds to a/(9t1) where « is primitive in F g

05142105060161660463106236361+41+21+6431+521+52365041+65
056645162061405355551606346462630636546601+66533634
01115531013631205046523306545326061+260545+133360662
14650203125440123245106510232664441+61+15064446654045

Ix1x1x1x1xIx1x1x1x1xIx1x1x1xlxIx1lxlx1xlxIx1lx1lx1x1lx
Ixxx1IxxxIxxxIxxxlIxxxIxxxIxxxIxxxIxxxlIxxxlxxxlxxxlx
XXLIXXXTIXxXxXLIXxxXxLIxxxIxxxIxxxlIxxxlIxxxlxxxlxxxlxxxlxxx

e now use o?: (a?)/(@+1)_ (25 points out of 400 points)

0120006606163311141253546
0641264555103666035606533
0153033254530552020413306
1600154134161226411544644

e now use a*: (a*)(9t1) (25 points out of 400 points)

0206013111556100666314234
0424513605053616550663663
0503550500136133243522430
1014311241464605146261544

NEW COVERING ARRAYS OF STRENGTH 4 LuciaA MOURA



INTRO, OAS, CAs CAs OF STRENGTH 3 FROM LFSR & GEOMETRY NEW CAS OF STRENGTH 4 FROM LFRS & GEOMETRY

0000000

000000000000 O00@0000

Ovoip IN PG(3,q) (EXAMPLE FOR q =7)

e Ovoid in PG(3, q) - largest set of points no tree of which are

05142105060161660463106236361412104315215236504165
05664516206140535555160634646263003654600166533634
01115531013631205046523306545326012605451133360662
14650203125440123245106510232664441011504446654045

00515662452440055050533421331542161241334351503064
06510232664441011504446654045354106023615503626513
00625063600302216543262253513603111621366636216405
01033524613233414512015552351222123526040062506360
02141355626164612551531151126541135424421125166252
03256116632025110520354450664160140322102251456144
04364640645656315566100056432416152220553314046036
05402401651510513535623355200035164125234440336621
04404041163511546352536511614540102600515662452440

colinear, |O] = ¢ + 1.
e Its plane sections (circles) are a 3 — (¢ +1,q + 1,1) design,
called a Mobius plane of order q.
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« (truncated Mobius plane)
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« (truncated Mobius plane)

a? (truncated Mdbius plane)

«O>» «Fr «E» « 3 o>




« (truncated Mobius plane)

a? (truncated Mdbius plane)

a* (truncated Mobius plane)

«O>» «Fr «E» « 3 o>
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BuiLD 4-CA - FROM 3 TRUNCATED MOBIUS PLANES

a (truncated Mobius plane)

05142105060161660463106236 1 1
05664516206140535555160634 The Intersection Of
01115531013631205046523306 one drck ﬁon]each

14650203125440123245106510 .
truncated Mobius plane

o? (truncated Mobius plane) has at most 3 points

012000660616

83 141253546
06412645551036

05

12

11

66035606533

52020413306

26411544644 P

015303325453
160015413416

o (truncated Mobius plane)

0
013111556100666314234
-

0206
0424513605053616550663663
0503

101

3550500136133243522430
4311241464605146261544
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2
For any odd prime power q, there exists a CA(3q* — 2;4, 731, q)

«O>» «F>r «=r «=>» .



INTRO, OAs, CAs CAs OF STRENGTH 3 FROM LFSR & GEOMETRY NEW CAS OF STRENGTH 4 FROM LFRS & GEOMETRY
0000000 000000000000 00000000

OUR MAIN THEOREM

@
THEOREM (SHOKRI, M., STEVENS (2025+))

For any odd prime power q, there exists a CA(3g* — 2; 4, #, q).

This improves best bounds in CA tables by 25% for all odd prime
powers g > 11.

q CAs from our construction The best-known CAs
CA(N, = 3¢" —2:4,TFL g) CA(N: 4. ke q) Method N.— N, | (N.— N,)/N,

3 CA(241; 4,5, 3) CA(81:4,5,3) Derive from strength 5 160 1.975
5 CA(1873;4,13,5) CA(1225;4,14,5) 2-Restricted SCPHF RE (CL) 648 0.528
W CA(7201;4,25,7) C A(6853;4,30,7) 3-Restricted SCPHF RE (CL) 348 0.05
9 CA(19681; 4, 41,9) CA(19593: 4, 41,9) 2-Restricted SCPHF RE (CL) 88 0.004
il CA(43921;4,61,11) C A(55891; 4, 80, 11) 3,3-Restricted SCPHF RE (CL) | —11970 —0.214
13 CA(85681;4,85,13) CA(109837;4,94,13) | 3,3-Restricted SCPHF RE (CL) | —24156 —0.219
17 || CA(250561;4,145,17) | CA(329137: 4, 152,17) | 3-Restricted SCPHF RE (CL) | —78576 —0.238
19 || CA(390961;4.181,19) | CA(520543:4.191,19) | 2.2-Restricted SCPHF RE (CL) | —120582 —0.218
23 (A(839521;4, 265, 23) CA(1119361; 4, 302, 23) CPHF IPO 4 (WCS) —279840 —0.249
25 C'A(1171873; 4,313, 25) C A(1562497; 4, 344, 25) CPHF IPO 4 (WCS) — 390606 —0.249
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CONCLUSIONS AND FUTURE WORK

m ‘ OA from LFSR. ‘ CA construction
2 | OA1(¢%,2,9g+1,q9) | OA: CA(¢%2,g+1,q) Bush (1952)
3 | OA4(q%,2, 2_11, q) | CA(2¢®-1;3, ci’_ll,q) Raaphorst et al.
almost strength 3 (2014)
CA(2¢* —1;4,¢%> +1,4) Tzanakis et al.
4 | OAg(q%3,¢° +1,9) (2016)
almost strength 4 CA(3q* — 1,4, #, q),  Shokri et al.
g odd prime power (2025+)
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0000000 000000000000 0000000e

CONCLUSIONS AND FUTURE WORK

m ‘ OA from LFSR. ‘ CA construction
2 | OA1(¢%,2,9g+1,q9) | OA: CA(¢%2,g+1,q) Bush (1952)
3 | OA4(q%,2, 2_11, q) | CA(2¢®-1;3, ci’_ll,q) Raaphorst et al.
almost strength 3 (2014)
CA(2¢* —1;4,¢%> +1,4) Tzanakis et al.
4 | OAg(q%3,¢° +1,9) (2016)
almost strength 4 CA(3q* — 1,4, #, q),  Shokri et al.
g odd prime power (2025+)

Future work:
e what about strength 4 and g even?
e what about g odd and k = g% + 17

@ how would this generalize to strength 57
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