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- Classical coding theory includes metrics like Hamming and rank.

- The sum-rank metric generalizes both Hamming and rank-metric.

- Applications in network coding, and distributed storage.
Aim
Our goal is to classify one-weight codes in the sum-rank setting, extending
foundational results like Bonisoli's theorem.
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n=(nq,...7m)eN‘, nm=---=n, N=n+---4+n:
Fgn = Fgh © - @ Fgin

V= (V,...,vt) € FQ

n
qm V,‘ € Fq’m

W= (Wi,...,Wn)€Fgn, rkg, (W) = dimg, ((Wr, ..., Wn)r,)
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Sum-Rank Metric Codes V

X:(X‘I;~--7Xt>7 y:(y17"'7yt>eF3m

t
d(x,y) = w(x—y) = > rRe, (X — ¥i)

=1

IfC < Fgn = (C,d) is a sum-rank metric code

Minimum Distance
IfC < Fgn = d(C) = min{d(x,y) : X,y € C,x # y}

IfC < Fgn = [n,R,d]gm/qcode
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Hamming Metric Codes
IfC < Fgm = [n, R, d]gm/qcode
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Flo =Flmn®---@Fln, heren=(1,...,7)

Hamming Metric Codes
IfC < Fgm = [n, R, d]gm/qcode

quIF”W heret=1and n = ny

Rank Metric Codes
IfC <Fgn = [n,R,d]gm/qcode
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Theorem (Martinez-Pefias (2020) Alfarano, Lobillo, Neri, and Wachter-Zeh (2021))

The group of Fgn-linear isometries of the space (Fgm,d) is

((Fzn)" x GL(n,Fq)) % Sx(n),

which (right)-acts as (x1,...,Xt) - (a,A1,..., A, m) — (@Xp A1 | - | GXrn)Ar).
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Theorem (Martinez-Pefias (2020) Alfarano, Lobillo, Neri, and Wachter-Zeh (2021))

The group of Fgn-linear isometries of the space (Fgm,d) is

((Fm)' x GL(n,Fq)) % Syny,
which (right)-acts as (x1,...,Xt) - (a,A1,..., A, m) — (@Xp A1 | - | GXrn)Ar).

Definition
Two [n, /?]qm/q sum-rank metric codes C;,C, are equivalent if there is an
Fqm-linear isometry ¢, such that ¢(Cy) = C,.
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Geometry of Sum-Rank Metric Codes

Generator matrix G = (Gi|...|Gy) e FEN N = nq +--- + g

Definition

[n, R, d]gm/q code is non-degenerate if any generator matrix G € JFZXN of C has a
property dimg, (colspg, (G)) = N
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G = (G1|...|Gt), where Gje Fgﬁn". The Fg-span of the columns of G; and the maps

v, : Fg — U
A — AG!

[N, Rlgn/q cOde > (Uh,...,Us) <w, Fin, where U; <g, F¢

i
n = (dimg, (), . ., dimg, ())
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Theorem (Neri, Santonastaso and Zullo (2023))

C be a non-degenerate [n, R, d]qm/q cOde, U; be the Fq-span of the columns of G,
for ve B,

t
w(vG) = N = dimg, (U n v*)
i=1



Geometry of Sum-Rank Metric Codes

Theorem (Neri, Santonastaso and Zullo (2023))
C be a non-degenerate [n, R, d]qm/q cOde, U; be the Fq-span of the columns of G,
forve Fgm

t
w(vG) = N = dimg, (U n v*)
i=1

(U, ..., Us) <q Fin, where U; <g, Fin
n; = dim]Fq(Z/{,-)

[n, R, d]gm/q-System

t
d = N — max {Zdimyq(u, Anvh):ve ka}

i=1
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Geometry of Sum-Rank Metric Codes V ;
Definition
(U, ..., U,V ..., V) systems are equivalent if there exists an isomorphism

¢ € GL(R,Fgm), an elementa = (ay,...,at) € (F;m)t,a € St such that

oUi) = AV (-

€[n, Rk, d]gm/q = Equivalence classes of [n, R, d]4m/q-codes

U[n, k, d]gm/q = Equivalence classes of [n, R, d]4n ,-systems
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Theorem (Neri, Santonastaso and Zullo (2023))
There is a one-to-one correspondence between &[n, R, d]qn /g and U[n, R, d]gm /q
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One-Weight Codes V:

n
C <Fl,

If forany C # 0 € C,w(C) = d(C) = One-weight

Theorem (Bonisoli (1983))

One-weight Hamming metric code <= simplex Hamming metric code.

Theorem (Randrianarisoa, Alfrano, Borello, Neri, and Ravagnani (2020))
One-weight rank-metric code <= simplex rank-metric code



One-Weigt Codes V:

Neri, Santonastaso and Zullo (2023)
- Definition of Simplex sum-rank metric code.

- They showed that Simplex sum-rank metric codes are not the only one
weight code.
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One Weight Codes V:

A Attention

A Bonisoli-like result in the sum-rank metric cannot hold.

Question
Can we add assumptions to one-weight codes to get a full classification?

Question
Can we get new constructions of one weight codes?



Constant Rank List V

Definition
c € C, the Rank list
p(c) = (w(cr),...,w(ct))
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Definition
c € C, the Rank list

T:N' >N
forany (ai,ay, ..., a:) € N, we have
7_(017"'7at) = (b17"'7bt)

bi=by == by,




Constant Rank List V ;

Definition
c € C, the Rank list

T:N' >N
forany (ai,ay, ..., a:) € N, we have
7(017"'7(1{) = (b%"'abt)

biy=by>--- > by,

Definition
The Rank profile u(X) is rearranging p(X) entries in non-increasing order
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Definition

Let € < Fom, (p1,-- -, pt) € N'. If for any c € C\{0} we have
p(c) = (p,...,pt) = Cis aconstant rank list (p1,...,pt).




Constant Rank List V ;

Definition

Let € < Fom, (p1,-- -, pt) € N'. If for any c € C\{0} we have

p(c) = (p; -

Notation

Letc = (cq,...

defined as

,pt) = Cis a constant rank list (p1,..., pt).

,Ct) € IFgm and let i e [t], the i-th component of ¢, denoted as ¢, is

o
C|,' =C € Fqﬂn.
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Definition
i-th projection of C as
Ci = {C|,‘i Cce C} = FZ,’W
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Definition
i-th projection of C as
Ci = {C|,‘Z Cce C} = FZ,’W

Proposition (U.M. and Zullo (2025))

Let C be an [n, R, d]gm/q Sum-rank metric code with constant rank list (1, ..., pt).
For any i € [t], the i-th projection C; of C is a one weight rank-metric code with
minimum distance p;.
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Definition
i-th projection of C as
Ci = {C|,‘Z Cce C} = FZ,’W

Proposition (U.M. and Zullo (2025))

Let C be an [n, R, d]gm/q Sum-rank metric code with constant rank list (1, ..., pt).
For any i € [t], the i-th projection C; of C is a one weight rank-metric code with
minimum distance p;.

Definition
A rank-metric code with parameters [km, R, m]n 4 is called simplex rank metric
code.



Constant Rank List V

Theorem (Alfarano, Borello, Neri and Ravagnani (2023))
Let R > 2 and let C be an [n, kR, d]4m/q One weight code. Then, n = km and d = m.
That is, C is isometric to a simplex rank-metric [kRm, R, m]gm q cOde.



Constant Rank List V

Theorem (Alfarano, Borello, Neri and Ravagnani (2023))

Let R > 2 and let C be an [n, kR, d]4m/q One weight code. Then, n = km and d = m.
That is, C is isometric to a simplex rank-metric [kRm, R, m]gm q cOde.

Theorem (U.M. and Zullo (2025))

Let C be a non-degenerate [n, k, d]qn/q Sum-rank code with constant rank list
(P15 pt). If R = dimgm(C;) = 2, then C; is an [mR;, k;, m]gm q code. If
dimgm(C;) = 1, then C; is an [n;, 1, ni]qm g code.
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Corollary (U.M and Zullo (2025))

Let C non-degenerate [n, Rk, d]gm/q Sum-rank code with constant rank list
(p1,.--,pt). Foranyie [t], let k; = dimgm(C;). We have that for every i € [t]

n,~=ml?,~ if/?,‘ZZ

and

m if Rk = 2,
pi =
I n; if/?[=1,

T = {I € [t] . /?,‘ = 2} and d(C) = m‘I| + Zie[t]\z n,'.



Constant Rank Profile V

Definition

Let C < Fgw and (p1,..., ) € Nsuchthat g > ... > iy = Cisa (w1, ...

constant rank profile sum-rank metric code if for every c € C\{0}

p(C) = (W1, -« pt)-

aMt)



Constant Rank Profile \"4 (%sz;
Corollary (Neri, Santonastaso and Zullo (2023))
Let C non-degenerate [(n,...,Nn),R]gn/q code which is (u1, ..., ut) constant rank
profile. Then
- The number

o Ua"=1)(" =)
(@ —1)(gkm — 1)

is a positive integer.
- It holds that

t
tg" V(" = 1)(q™ - 1) = (¢"" - 1) (tq” — Zq”‘“/) :
i=1



Constant Rank Profile V ;

Proposition (U.M. and Zullo (2025))
Let C <FJn and (pa,. .., ur) € N. Let Uh,. .., Utr) <z, Fén where U; <p, Fin a
system associated with C.

Cis (g, ..., ut) constant rank profile <
7(n — dimg, (L4 N vh), ... ne— dimg, (Ut N VJ‘)) = (.., t)
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Constant Rank Profile V

Construction
- C — non-degenerate sum-rank metric code
- dimg,, (C) =2
© (U, ..., U) the [n,2]gm/q System
‘n=(Mm+e,....m+e),0<e<m
- Uy = Xipyn ® Se
* One dimenional Fgn-subspaces (X n, - - - Xgm+1)Fym )-
- dimg,(Se) = €, and Sp N Xiprm = {0}

Proposition (U.M. and Zullo (2025))

U = X)p . ® S, <= Cisa(m,...,m,e) constant rank profile



Constant Rank Profile V ;

Theorem (U.M. and Zullo (2025))

Uj = <Xi>15'qm @S{; <= Cisa(m,...,m,e,..., e) constant rank profile



Thank You!
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