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Motivation

• Classical coding theory includes metrics like Hamming and rank.

• The sum-rank metric generalizes both Hamming and rank-metric.
• Applications in network coding, and distributed storage.

Aim
Our goal is to classify one-weight codes in the sum-rank setting, extending
foundational results like Bonisoli’s theorem.
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Sum-Rank Metric Codes



Sum-Rank Metric Codes

n “ pn1, . . . ,ntq P Nt, n1 ě ¨ ¨ ¨ ě nt, N “ n1 ` ¨ ¨ ¨ ` nt

Fnqm “ Fn1qm ‘ ¨ ¨ ¨ ‘ Fntqm

v “ pv1, . . . , vtq P Fnqm , vi P Fniqm

w “ pw1, . . . ,wniq P Fniqm , rkFqpwq “ dimFqpxw1, . . . ,wniyFqq
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Sum-Rank Metric Codes

x “ px1, . . . , xtq, y “ py1, . . . , ytq P Fnqm

dpx, yq “ wpx´ yq “

t
ÿ

i“1
rkFqpxi ´ yiq

If C ď Fnqm ùñ pC,dq is a sum-rank metric code

Minimum Distance
If C ď Fnqm ùñ dpCq “ mintdpx, yq : x, y P C, x ‰ yu

If C ď Fnqm ùñ rn, k,dsqm{qcode
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Sum-Rank Metric Codes

Fnqm “ F1qm ‘ ¨ ¨ ¨ ‘ F1qm , here n “ p1, . . . , 1q

Hamming Metric Codes
If C ď Fnqm ùñ rn, k,dsqm{qcode

Fnqm “ Fn1qm here t “ 1 and n “ n1

Rank Metric Codes
If C ď Fnqm ùñ rn, k,dsqm{qcode
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Sum-Rank Metric Codes

Theorem (Martínez-Peñas (2020) Alfarano, Lobillo, Neri, and Wachter-Zeh (2021))
The group of Fqm-linear isometries of the space pFnqm , dq is

ppF˚
qmqt ˆ GLpn,Fqqq ¸ Sλpnq,

which (right)-acts as px1, . . . , xtq ¨ pa,A1, . . . , At, πq ÞÝÑ pa1xπp1qA1 | . . . | atxπptqAtq.

Definition
Two rn, ksqm{q sum-rank metric codes C1, C2 are equivalent if there is an
Fqm-linear isometry ϕ, such that ϕpC1q “ C2.
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Geometry of Sum-Rank Metric Codes



Geometry of Sum-Rank Metric Codes

Generator matrix G “ pG1| . . . |Gtq P FkˆN
q ,N “ n1 ` ¨ ¨ ¨ ` nt

Definition
rn, k,dsqm{q code is non-degenerate if any generator matrix G P FkˆN

q of C has a
property dimFqpcolspFqpGqq “ N

Usman Mushrraf Joint work with Ferdinando Zullo 7 / 25



Geometry of Sum-Rank Metric Codes

Generator matrix G “ pG1| . . . |Gtq P FkˆN
q ,N “ n1 ` ¨ ¨ ¨ ` nt

Definition
rn, k,dsqm{q code is non-degenerate if any generator matrix G P FkˆN

q of C has a
property dimFqpcolspFqpGqq “ N

Usman Mushrraf Joint work with Ferdinando Zullo 7 / 25



Geometry of Sum-Rank Metric Codes

G “ pG1 | . . . |Gtq, where Gi P Fkˆni
qm . The Fq-span of the columns of Gi and the maps

ψGi : Fniq ÝÑ Ui
λ ÞÝÑ λGJ

i

rn, ksqm{q code ðñ pU1, . . . ,Utq ďFq Fkqm , where Ui ďFq Fkqm

n “ pdimFqpU1q, . . . ,dimFqpUtqq
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Geometry of Sum-Rank Metric Codes

Theorem (Neri, Santonastaso and Zullo (2023))
C be a non-degenerate rn, k,dsqm{q code, Ui be the Fq-span of the columns of Gi,
for v P Fkqm

wpvGq “ N´

t
ÿ

i“1
dimFqpUi X vKq

pU1, . . . ,Utq ďq Fkqm , where Ui ďFq Fkqm

ni “ dimFqpUiq

rn, k,dsqm{q-system

d “ N´max
#

t
ÿ

i“1
dimFqpUi X vKq : v P Fkqm

+
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Geometry of Sum-Rank Metric Codes

Definition
pU1, . . . ,Utq,pV1, . . . ,Vtq systems are equivalent if there exists an isomorphism
φ P GLpk,Fqmq, an element a “ pa1, . . . , atq P pF˚

qmqt,σ P St such that

φpUiq “ aiVσpiq.

Crn, k,dsqm{q “ Equivalence classes of rn, k,dsqm{q-codes

Urn, k,dsqm{q “ Equivalence classes of rn, k,dsqm{q-systems
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Geometry of Sum-Rank Metric Codes

Theorem (Neri, Santonastaso and Zullo (2023))
There is a one-to-one correspondence between Crn, k,dsqm{q and Urn, k,dsqm{q
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One-Weight Codes (Constant Rank
List/Profile)



One-Weight Codes

C ď Fnqm

If for any C ‰ 0 P C,wpCq “ dpCq ùñ One-weight

Theorem (Bonisoli (1983))
One-weight Hamming metric code ðñ simplex Hamming metric code.

Theorem (Randrianarisoa, Alfrano, Borello, Neri, and Ravagnani (2020))
One-weight rank-metric code ðñ simplex rank-metric code
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One-Weigt Codes

Neri, Santonastaso and Zullo (2023)
• Definition of Simplex sum-rank metric code.
• They showed that Simplex sum-rank metric codes are not the only one
weight code.

Usman Mushrraf Joint work with Ferdinando Zullo 13 / 25



One Weight Codes

 Attention
A Bonisoli-like result in the sum-rank metric cannot hold.

Question
Can we add assumptions to one-weight codes to get a full classification?

Question
Can we get new constructions of one weight codes?
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Constant Rank List

Definition
c P C, the Rank list

ρpcq “ pwpc1q, . . . ,wpctqq

τ : Nt Ñ Nt

for any pa1,a2, . . . , atq P Nt, we have

τpa1, . . . , atq “ pb1, . . . ,btq

b1 ě b2 ě ¨ ¨ ¨ ě bt,

Definition
The Rank profile µpXq is rearranging ρpXq entries in non-increasing order

.

Usman Mushrraf Joint work with Ferdinando Zullo 15 / 25



Constant Rank List

Definition
c P C, the Rank list

ρpcq “ pwpc1q, . . . ,wpctqq

τ : Nt Ñ Nt

for any pa1,a2, . . . , atq P Nt, we have

τpa1, . . . , atq “ pb1, . . . ,btq

b1 ě b2 ě ¨ ¨ ¨ ě bt,

Definition
The Rank profile µpXq is rearranging ρpXq entries in non-increasing order

.

Usman Mushrraf Joint work with Ferdinando Zullo 15 / 25



Constant Rank List

Definition
c P C, the Rank list

ρpcq “ pwpc1q, . . . ,wpctqq

τ : Nt Ñ Nt

for any pa1,a2, . . . , atq P Nt, we have

τpa1, . . . , atq “ pb1, . . . ,btq

b1 ě b2 ě ¨ ¨ ¨ ě bt,

Definition
The Rank profile µpXq is rearranging ρpXq entries in non-increasing order

.
Usman Mushrraf Joint work with Ferdinando Zullo 15 / 25



Constant Rank List

Definition
Let C ď Fnqm , pρ1, . . . , ρtq P Nt. If for any c P Czt0u we have
ρpcq “ pρ1, . . . , ρtq ùñ C is a constant rank list pρ1, . . . , ρtq.

Notation
Let c “ pc1, . . . , ctq P Fnqm and let i P rts, the i-th component of c, denoted as c|i, is
defined as

c|i “ ci P Fniqm .
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Constant Rank List

Definition
i-th projection of C as

Ci “ tc|i : c P Cu Ď Fniqm .

Proposition (U.M. and Zullo (2025))
Let C be an rn, k,dsqm{q sum-rank metric code with constant rank list pρ1, . . . , ρtq.
For any i P rts, the i-th projection Ci of C is a one weight rank-metric code with
minimum distance ρi.

Definition
A rank-metric code with parameters rkm, k,msqm{q is called simplex rank metric
code.

Usman Mushrraf Joint work with Ferdinando Zullo 17 / 25
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Constant Rank List

Theorem (Alfarano, Borello, Neri and Ravagnani (2023))
Let k ě 2 and let C be an rn, k,dsqm{q one weight code. Then, n “ km and d “ m.
That is, C is isometric to a simplex rank-metric rkm, k,msqm{q code.

Theorem (U.M. and Zullo (2025))
Let C be a non-degenerate rn, k,dsqm{q sum-rank code with constant rank list
pρ1, . . . , ρtq. If ki “ dimqmpCiq ě 2, then Ci is an rmki, ki,msqm{q code. If
dimqmpCiq “ 1, then Ci is an rni, 1,nisqm{q code.
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Constant Rank List

Corollary (U.M and Zullo (2025))
Let C non-degenerate rn, k,dsqm{q sum-rank code with constant rank list
pρ1, . . . , ρtq. For any i P rts, let ki “ dimqmpCiq. We have that for every i P rts

ni “ mki if ki ě 2

and

ρi “

$

&

%

m if ki ě 2,
ni if ki “ 1,

I “ ti P rts : ki ě 2u and dpCq “ m|I| `
ř

iPrtszI ni.

Usman Mushrraf Joint work with Ferdinando Zullo 19 / 25



Constant Rank Profile

Definition
Let C ď Fnqm and pµ1, . . . , µtq P Nt such that µ1 ě . . . ě µt ùñ C is a pµ1, . . . , µtq

constant rank profile sum-rank metric code if for every c P Czt0u

µpcq “ pµ1, . . . , µtq.
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Constant Rank Profile

Corollary (Neri, Santonastaso and Zullo (2023))
Let C non-degenerate rpn, . . . ,nq, ksqm{q code which is pµ1, . . . , µtq constant rank
profile. Then

• The number
ℓ “

tpqn ´ 1qpqm ´ 1q
pq´ 1qpqkm ´ 1q

is a positive integer.
• It holds that

tqmpk´1qpqn ´ 1qpqm ´ 1q “ pqkm ´ 1q
˜

tqn ´

t
ÿ

i“1
qn´µi

¸

.
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Constant Rank Profile

Proposition (U.M. and Zullo (2025))
Let C ď Fnqm and pµ1, . . . , µtq P Nt. Let pU1, . . . ,Utq ďFq Fkqm where Ui ďFq Fkqm a
system associated with C.

C is pµ1, . . . , µtq constant rank profile ðñ

τ
`

n1 ´ dimFqpU1 X vKq, . . . ,nt ´ dimFqpUt X vKq
˘

“ pµ1, . . . , µtq

Usman Mushrraf Joint work with Ferdinando Zullo 22 / 25



Constant Rank Profile

Construction
• C Ñ non-degenerate sum-rank metric code

• dimFqm pCq “ 2
• pU1, . . . ,Utq the rn, 2sqm{q system
• n “ pm` e, . . . ,m` eq, 0 ď e ă m
• Ui “ xxiyFqm ‘ S ie
• One dimenional Fqm-subspaces pxx1yFqm , . . . , xxqm`1yFqm q.
• dimFqpSieq “ e, and S ie X xxiyFqm “ t0u

Proposition (U.M. and Zullo (2025))

Ui “ xxiyFqm ‘ S ie, ðñ C is a pm, . . . ,m, eq constant rank profile
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Ui “ xxiyFqm ‘ S ie, ðñ C is a pm, . . . ,m, eq constant rank profile
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Constant Rank Profile

Theorem (U.M. and Zullo (2025))

Uij “ xxiyFqm ‘ S je ðñ C is a pm, . . . ,m, e, . . . , eq constant rank profile
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Thank You!
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